An estimate on the density of semiprimes pq having p < g < p?
in an interval of fixed width
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A semiprime is a natural number which is the product of two (possibly equal) prime numbers. It is the purpose
of this article to give some insight into the number of semiprimes pq with p < q < p? within an interval of fized
width. Heuristics are developed for the density of semiprimes in an interval of fived width and an adaptation to
correct for q < p? is discussed.

An asymptotic formula for the number of semiprimes less than a given bound is borrowed from |On Distribution
of Semiprime Numbers EL the presented formula for the distribution of strong semiprimes is adapted.
1 Introduction

In order to be able to count the semiprimes of the form pg with p < ¢ < p? and pg < n we need to distinguish
between two situations. Given p we either have pg < n for all ¢ < p? or we reach the bound n sooner. An
example might illustrate this.

For n = 200 we find:

P bound q bound pq q

2=y »¥=8 {23}
{3,5,7}

2 __ 3 _
p?=25 p>=125 {5,7,11,13,17,19,23}
7 | |n/p] =28 n=200 {7,11,13,17,19,23}
11| [n/p] =18 n =200 {11,13,17}
13| |n/p] =15 n=200 {13}

We may limit p by using p?> < n. If p? < n we may count all available ¢ in p < ¢ < p?. If p> > n the
available ¢ and hence the semiprimes pq are defined by p < ¢ < [n/p].
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2 Definitions

The number of primes p € P less or equal to a given bound x is defined as

m(z) = #{p € Plp < a}
The number of semiprimes less than or equal to z can be expressed by

m@) = Y (w(lz/pk)) —7lor) +1) = Y (7(lz/pe)) =k +1) (2.1)
PV PV

The number of semiprimes less than or equal to = for which p < ¢ < p? may be split into

mal@) = Y (@} -7+ 1) = Y (7(p}) —k+1) (2.2)
pr< T pr< YT

1 On Distribution of Semiprime Numbers, by Sh.T. Ishmukhametov and F.F. Sharifullina, 01-31-2013



https://link-springer-com.hvhl.idm.oclc.org/article/10.3103/S1066369X14080052
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where we are able to count all available semiprimes of the form pg with p < ¢ < p?, and

mp@) = Y (wla/p])—mo)+ 1) = Y (w(lw/pe]) =k +1) = ma(w) — ma(Va?) (2.3)
YVe<pr<Vz Ve<pr<Vz

where the number of available ¢ are limited by |x/px] instead of p?. The last equality is only for demonstration
purposes.

3 Goal

We are interested in the number of semiprimes of the form pg with p < ¢ < p? in an interval of the form
A < pg < B for natural numbers A, B.

AT{'Q(A, B) = 7T27a(B) - 71'27@(14) +7T27b(B) - 7T27b(A) (31)

g limited by p2

The first term, counting semiprimes for all ¢ with ¢ < p? cancels or equals 1 if we choose the width of the interval
W = B — A small compared to A. Set pimaz,a = prevprime([ﬁj) and Prmaz,B = prevprime(L\‘q/EJ). We would
like these primes to coincide but that would be too much to hope for in general; p,, 44,4 might be slightly smaller
than v/A and the next prime, nextprime(pr,qq,4), might still be smaller than or equal to V/B. All we can do is
make sure that pp,q, p <= nextprime(pmaz,4) <= DPmaz,4 + 2, i.e. enforce a maximal prime gap 2.

W <246 (%Z+ 1)2 VA> (71 n \/(W72)/6)3 — 0 < maq(B) — ma(A) <1 (3.2)

For instance W = 105 = A > 6.75 - 107 ensures that we may compute (3.1) by only considering the second
term (with a maximum error equal to 1). In general this correction equals

72,4(B) — m2,4(A) = > (w(pi) —k+1) (3.3)
[VA<pp<|VB]

In order to estimate the number of semiprimes pg in an interval of the form [A, B], with A large enough, we
may thus focus on 3 (x) (2.3). This formula is hardly practical for large values of x. Instead we’ll approximate
two functions ¢(y), g*(y), where g(y) is the probability of finding a semiprime less than or equal to y and
g*(y) the probability of finding a semiprime pq for which p > {/y. For g(y) I'll follow the text given by Sh.T.
Ishmukhametov and F.F. Sharifullina and for ¢g*(y) T'll derive an adaptation to their formula (which I believe
has an error), but will otherwise closely follow their lead.

4 Estimates for g(y) and g¢*(y)

Let y be fixed and p < |/y] be an arbitrary prime. Consider the real number v = y/p. The number v is an
integer with probability 1/p and prime with probability

9p(y) = 1/(pIn(y/p)) = 1/(p(In(y) — In(p)))

i.e., gp(y) equals the probability that y is semiprime and one of its divisors is p. We may thus approximate g(y)

by the sum

o)~ Y
2 pliny) — In(p)

the summing is over prime p. In turn, we may approximate g*(y) by the sum

N N 1
TW 2 G ) 2

where we also assume that p is prime.

Notice that in doing so we used that v is prime with probability



m(v) 1

~

v In(v)

without considering a possible estimate of the error that is involved. For large enough v we have

o (1) £, ™ < (14 15)

with C7 = 1,0y = 1.2762. Sharper estimates may be found in Estimates of some functions over primes
without R.H., by Pierre Dusart ﬂ Notice that for 3y < p < ,/y we have
1.5 1 2

() < In(v) = In(y) (4.3)

5 Preparation, Abel’s summation theorem and Mertens’ formula

The given summand in (4.1) and (4.2) may be recast to

1 _ In(pn) 1
o) =)~ pe In(p) ((y) = (o)) (5:1)

Where the prime p is equipped with an indexed. In doing so we may rewrite (4.1) for fixed y into the form

9W) ~ Y anpy(pn) (5.2)

Pn S\/@
where
0, — In(py)
Pn
and

1 1 1 1
py(t) = In(t)(In(y) — In(t)) - In(y) (ln(t) * In(y) — hl(t)) o

is a function of ¢ having a continuous derivative for 0 < ¢ < y. This region is quite a bit larger than needed,

since we would like to apply ¢, (t) for 2 <t < \/y. With p, = A,z = \/y we may apply:

Abel’s summation theorem Let Ay < Ay < -+ < A, < --- be a sequence or real numbers such that
limy 00 A = 00, and {a,},n € N be a sequence of complex numbers. Let A(z) = 3, _, an and @(x) be
a complex valued function, defined for x > 0 having a continuous derivative for x > 0. Then

k T
Y anp(hn) = A@@)p(a) — [ At (1) dt (5.4)
A

where A\ < & < Agy1.

In order to be able to compute the right hand side we need to find an alternative expression for

Aw) = Y an = Y )

pn<xT pPn<T p

We may approximate A(x) by using Mertens’ first theorem
A(z) =In(z) + C + O(1/In(z))

We'll replace A(z) in (5.4) by

A*(z) = In(z) + R(x), |R(z)| < 2

insteacﬂ where I'll replace R(z) by a suitable constant R to simplify the computation. Here I'll deviate from
Sh.T. Ishmukhametov and F.F. Sharifullina, for two reasons. The main reason is that I don’t need the asymptotic
behaviour of R(x), a second reason is that their related investigation of I5(z) contains a serious error.

2 |Estimates of some functions over primes without R.H., by Pierre Dusart, 02-02-2010
3 Mertens’ proof on Mertens’ theorem, by Mark T. Villarino, (2.3.3), 04-28-2005


https://arxiv.org/PS_cache/arxiv/pdf/1002/1002.0442v1.pdf
https://arxiv.org/PS_cache/arxiv/pdf/1002/1002.0442v1.pdf
https://arxiv.org/PS_cache/arxiv/pdf/1002/1002.0442v1.pdf
https://arxiv.org/pdf/math/0504289.pdf

6 Asymptotic analysis of ¢(y), ¢*(v)
We’ll investigate
) = A"(@hpyle) — [ 4040 at (6.1)

where, for some constant R < 2

In(z) + R

AR = i)~ w) o2
and
NS T 1
40 = 55 (1 * T m7) 02
And we have
9(y) = h(\/y), 9" (y) = h(Vy) = h(Vy)
Substitution of x = \/y,In(x) = In(y)/2 in (6.2) gives
A DAD = 5+ (64, 9)
Substitution of x = &y, In(x) = In(y)/3 in (6.2) gives
AR = 33,00+ 51
The contribution of (6.2) for g*(y) is thus
A DRI~ A DRI = 5305~ 52 64, )
The integral in (6.1) may be split as
o 1 v In(t) .,
f; #0a0 =55 |~ * ) wwr R, S0
I I
Substitution of z = In(¢),dz = dt/t gives
! In(z) _1 p L 1 In(x) _1 z —1In(y) + In(y) .
55 e TS T TR ey G
1 In(x) 1l
- In(y) [_ In(2) + In(In(y) — Z):|1n(2) + {1n(y) - ZLn(Z)
~ In(In(2)) — In(In(z)) + In(In(y) — In(x)) — In(In(y) — In(2)) 1 B 1
- in(y) Ty ) ) - we) (o2)
We may use a Taylor series approximation In(1 + «) = a + O(a?) to obtain
i (1 ~ In(2) (o _ In(2) 1
nln(y) ~ 10(2)) = I (1n(s) (1= 220} ) = Innte) — 540 (5 )
Substition of x = /y,In(z) = In(y)/2,In(In(y) — In(z)) = In(In(z)) into (6.5) and the above asymptotics give:
_ In(In(2)) —~In(In(y)) +n(2)/In(y) + O/ I’(y)) = 2 1 _ _In(in(y)) 1
BV = in(y) P W) m@ ) O ((ln@)))
6.5, g



For g*(y) we need to compute I1(\/y) — I1({/y) and may drop the contributions of In(In(2)),In(y) — In(2) in
(6.5). We are left with

.~ _ n(In(y)/3) —In(2In(y)/3) 2 3 In(2) 1 .
=ty () R ) - W) 2mG) (65:47)
Similarly we find, use (5.3):

I = 6y(2) — 0,(2) = 1 - 1 (6.
v = o) = i) — @) m()(in(y) — (2)

Substitute x = \/y and find its contribution to g(y)

2 1 1
by =R (hl?(m " @) () - 1n<2>>> =0 (1n<y>> (66, 9)

Similarly we find the contribution to g*(y)

_ 5R _ 1 .
R (/) ~ YD) = 55 o(lng(w) (66, 4*)

If we collect (6.4,9),(6.5,9) and (6.6,9) we obtain

-0
If we collect (6.4,9),(6.5,¢*) and (6.6,g*) we obtain
-8 20(c)

In the article by Sh.T. Ishmukhametov and F.F. Sharifullina, a formula §*(y) is derived for the probability
of finding a strong semiprime pq, p < q, {/y < p < \/y. To be specific, the probability at the right hand side of

* ~ ;
NOE %gﬁp@n@) ~In(p))

is estimated by the following asymptotics, valid for y < 10*°

o In(ln(y))  2.65 13.7
TW="0y) Wy )

A slight adaptation in the derivation of g*(y) in (6.8) and dropping O(1/In*(y)) gives a simple estimate

A comparison of the aforementioned three expressions, where the first three rows in the table are borrowed from
the article by Sh. T. Ishmukhametov and F.F. Sharifullina

y 103 104 10° 106 107 108 10° 1010
g*(y) | 0.125 | 0.107 | 0.086 | 0.073 | 0.066 | 0.059 | 0.052 | 0.0470
(
(

y) | 0.183 | 0.115 | 0.085 | 0.070 | 0.061 | 0.055 | 0.050 | 0.0470
y) | 0.159 | 0.119 | 0.095 | 0.080 | 0.068 | 0.060 | 0.053 | 0.0477

The approximations to g*(y) behave quite similar. Using gi(y) there is no need of estimating additional terms
of the form Ck/lnk (y) by applying a regression technique using the same (or similar) data as a source.



7 The density of semiprimes in an interval of fixed width

The number of semiprimes less than or equal to = for which p < ¢ < p?, see (2.2),(2.3), may be written as
73 (2) = ma,0(x) + M2 (7)

These semiprimes inside an interval [y — W/2,y + W/2] may be computed, see (3.1), by

Ama(y = W/2,y + W/2) = my(y + W/2) — m3(y — W/2)

If we choose W sufficiently small, see (3.2).

y>W/2+ (=14 /(W - 2)/6)°

we may bound § = g o (y + W/2) — ma 4(y — W/2) <1 and find

Amy(y = W/2,y + W/2) = map(y + W/2) = map(y — W/2) +6

We also defined the probability of finding a semiprime pg having &y < p < /¥, see (2.3)

m2,6(y)
y

~g"(y)
Where the left hand side is exact and the right hand side is an approximation, see (4.2).
Fr Y

vrame sy PIn() — 1n(p))

Although not exact, it is my belief that if we propagate the bounds on the error term given by Pierre Dusart and
use (4.3) that the final asymptotics on the density will remain as given later on.

The number of semiprimes less than y for which p < ¢ < p?, for y sufficiently large is equal to

Amay(y = W/2,y + W/2) = (y + W/2)g*(y + W/2) — (y = W/2)g"(y — W/2) + 6 (7.1)
If we divide by the width W of the interval the average density is equal to

Amy(y = W/2,y + W/2) _ (y+W/2)g"(y+W/2) - (y = W/2)g"(y — W/2) + 6

~
~

w w

Discard d, as a curiosity the right hand side tends to the derivative of yg*(y) if W/y — 0. Apply a Taylor series
for W/y — 0. We may use (6.8)

9w = 128; "o <11121(y)>

and we’ll find an approximation to the density

Amay(y — W/2,y+W/2) In(2) 1 5
W ~ ny) +0 <1n2(y)> +O((W/y)?) (7.2)

The last term is included in order to be complete. The other big-o term can be estimated by using our bound
on R and a further correction by using (4.3). We could have found the main term by setting ¢*(y — W/2) =
g*(y) = g*(y + W/2) in (7.1) as well. As a corollary we found

w5 (y + W/2) —m3(y — W/2)
m(y + W/2) —m(y — W/2)

~ In(2)
This constant matches experimental results quite well; this comparison may be found at

Conjecture 90, by Alain Rochelli. | The prime puzzles and problem connectionﬂ is moderated by Carlos Rivera.

4 The prime puzzles and problem connection


https://www.primepuzzles.net/conjectures/conj_090.htm
https://www.primepuzzles.net/index.shtml
https://www.primepuzzles.net/index.shtml

8 Visual comparison

Intervals [y — W/2,y+W/2] having width W = 2-106 are used to compute the density of semiprimes of the form
pg with p < ¢ < p? (the left hand side of (7.2)), with y = m10¥ + W/2,k € {9,10,...,18},m € {1,2,...,9},
where I limited m < 7 for k = 18. A total of 87 intervals. In this section g*(y) represents the actual density.

~ In(2)
In(y)

Distribution of the residual:
g*(y)-In(2)/in(y)

A distribution of the residual g*(y)

30

Mean: -0.000064
Stel.dev: 0.001221

Percentage of observations within class

0
-,0006 -,0004 -,0002 ,oooa Jooo2 0004

Residual: g*(y)-In(2)iin(y)

The requested density is slightly underestimated, the distribution is skewed to the left. A normal distribution
was not expected, since the error is exptected to have size O(1/1In*(y)) and should decrease with increasing y.
In order to capture the dependence on y a graph where g*(y) is graphed versus In(2)/In(y).

g*(y) versus its estimate In(2)/In(y)
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The black line represents the best fit due to linear regression and the red line has equation ¢g*(y) = In(2)/ In(y).
For large values of y, i.e. for small values of In(2)/In(y), the black and red line are rather close, which indicates
an improvement of our estimate for larger values of y.



Similarly we may compare the fraction of the number of semiprimes and the number of primes within these
intervals with In(2).

Distribution of #semiprimes/#primes

Ln(2)
30

Mean: 06915
Stel. dev: 0.0047

20

Percentage of observations within class

0
67 68 B9 70 71

#semiprimes/#primes

The value In(2) overestimates the fraction #semiprimes/#primes. Close, but no cigar. In order to investigate
the dependence on y, a second graph of #semiprimes/#primes versus y is provided

#semiprimesi#primes versus y
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The displayed domain for y is much too small to conclude that this fraction tends to In(2) or to say anything
sensible with regard to a possible decrease in the displayed deviations with increasing y. Due to Dusart we are
able to bound the denominator, the #primes, however similar bounds are necessary for the numerator. The
asymptotic behaviour O(1/1n?(y)) is insufficient to say anything more definitive.
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