Puzzle 579, Question 4 :
In this note, I prove that there is no solution with consecutive and positive numbers for n= 2, 3 and 4.

n = 2   No solution
The best one is, of course

         1

  2     6     3

If we can also use the zero, there exists a solution with consecutives integers

         0

   1    3     2








******

n = 3   
With integers from  1  to  9 : No solution 
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1) g, h, i  must be the three greatest numbers : 9, 8 and 7
If not, suppose that    9    is in A , the two other numbers  B  and  C  are, at least, 1 and 2, 

so   g = A+B+C ≥ 9+1+2 = 12, which is impossible

Idem if    9   is in   B, and idem for   8   and   7.    

So       (g, h, i) = ( 7, 8, 9 )      and  g+h+i = 24

2) Summing the numbers
The sum of all the numbers  is     A+B+C+D+E+F+g+h+i = 45          

so                                                  A+B+C+D+E+F  =  45  - (g+h+i)  =  45 – 24 =  21     

Now, if we add  g, h and  i, we have, by the rule,  and since  B , C , E  are counted twice :

g+h+i = 24 = (A+B+C+D+E+F)+(B+C+E) 

g+h+i = 24 =    21     +(B+C+E)

or :



                3 = (B+C+E)           

but    B+C+E ≥ 1+2+3 = 6    Contradiction !  So there is no solution.

With   numbers    1+d     to     9+d

( d > 0)
1) As before, g’, h’ and  i’ must be the greatest numbers, 

      so  g’+h’+i’ = (7+d)+(8+d) + (9+d ) = 24 + 3d
2) Summing the numbers

The sum of all the numbers is :
S = 45 + 9d
  

so
              A’+B’+C’+D’+E’+F’ = 45 + 9d – (g’+h’+i’ ) = 45+ 9d – 24 – 3d = 21 + 6d
If we add  g’, h’ and i’, then    B’, C’, D’ are counted twice

g’+h’+i’ = 24 + 3d = (A’+B’+C’+D’+E’+F’)  +  (B’+C’+E’) 

g’+h’+i’ = 24 + 3d =   45 + 9d - (g’+h’+i’)      +  (B’+C’+E’)

g’+h’+i’ = 24 + 3d =   45 + 9d -   (24+3d)        +  (B’+C’+E’)



g’+h’+i’ = 24 + 3d =   21 + 6d +  (B’+C’+E’)

which gives

               B’ + C’ + E’ = 3 – 3d
As before,   B’, C’ and E’ are greater than the smallest numbers   1+d, 2+d  and  3+d

So                                                B’+C’+E’ ≥  6+3d  

And, finally, we must have           3-3d ≥ 6+ 3d          or        0 ≥ 3+ 6d     wich is impossible with   d>0

So, there is no solution with consecutive and positive integers.






**************

If we can use the   0, or negative integers , there are solutions

Examples :

d = -1
            2

      0    5    3

6    7    1    8    4

d = - 3

Integers :    -2, -1, 0, 1, 2, 3, 4, 5, 6


            3

      4    5    -2

2    6    0    -1    1

d =  - 4

integers :  -3, - 2, -1, 0, 1, 2, 3, 4, 5


            -2

       4    5    3

-3    1    0    2    -1







**************

n = 4      with integers  from  1  to  16
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The method used for  n = 3: must be slighty precised

1) 14, 15, and 16  must be on white triangles (in red bold), for the same reason than before. 

2)  Summing the numbers

(A+B+.......+ I+J ) + ( k+l+....+o+p) = 136

     or     

(A+B+.......+ I+J ) = 136 - ( k+l+....+o+p) 

Now, we add the bold numbers : by the rule, and since  B, C, D, F, H  and  I  are counted twice and  the number  E  three times , we have :

                      ( k+l+....+o+p) = (A+B+...+I +J ) +      ( B+C+D+E+F+H+I )        + (E)

                      ( k+l+....+o+p) = (A+B+...+I +J ) + (A+B+...+ I +J) - (A + G + J ) + (E)

                      ( k+l+....+o+p) =             2• (A+B+...+I +J )              - (A + G + J ) + (E)

                      ( k+l+....+o+p) =        272 - 2•( k+l+....+o+p)             - (A + G + J ) + (E)

so              (A + G + J ) - (E) = 272 - 3• ( k+l+....+o+p) ≥ 272 - 3• (16+15+ …+12+11) = 272 - 243 = 29

or                                                          (A + G + J ) ≥ 29 + (E) ≥ 30


(*)
Since 16, 15   and  14  must be  white,   we get      

30 ≤(A+G+J) ≤ (13+12+11) = 36


(**)

There is only a small number of triplets  (A, G, J) satisfying these inequalities, but we can find drastic conditons to reduce again this number.

Since  10 + 9 + 8 = 27 , there are three groups of triplets , where the greatest numbers are respectively 13, 12, or 11.

a) Suppose that  13  is the greatest number in a triplet, say    A= 13. 

There is only one way to use this number  A : the numbers  B and  C must be 1 and 2 (and k = 16) so the smallest numbers to use later are  3  and  4., and their sum is  3+4 = 7.  So  G  and  J  must be  strictly  less than  10.. 

This new condition deletes all triplets (13, x, y ) but one::  (A, G, J ) =  (13, 9, 8) . with only one way to get  16 :   16 = 13 +1+2.  Now, there is only one way to get 15 :    15 = 8 + 3 +4. and we have no way to  get  14  since the smallest numbers to use are  5  and 6,

So    13  cannot appears in a triplet.

b) suppose that the greatest number in the triplet is  A = 12

With this  A, you can get    16  = 12 + (1+3)     or     15 = 12 + (1+2)

- if you use   B = 1  and  C = 3   to get  k =16, the smallest numbers to use now are 2  and  4, and  since the larger integer to get is  15, G and  J  must be  ≤ 9:   9+ (2+4)= 15.   

But   A+G+J  must be  ≥ 30   and   12 + 9 +8 = 29.

- if you use   B =1  and   C = 2  to get  k = 15, the smallest numbers to use are now  3  and  4. You can get  16 = 9 + ( 3 + 4) but not  14   since the smallest numbers to use are now   5 and 6.

So we can deletes all triplets of the group  (12, x, y)

c) Last case : there is only one triplet where the greatest number is   11 :  (A, G, J) = ( 11, 10, 9 )

In this case, the inequality  (*) tell us    A+ G + J ≥ 29 + (E)      so      E = 1.

Now, there is only two ways to get   16 :   

16 = 11 + 2 + 3       and you cannot get   15 ; 

or  
16 = 9 + 2 + 4         and, again, you cannot get  15.

So there is no solution for  n = 4, with positive and consecutive numbers , starting at  1.

( I don’t give the proof that there is no solution starting at   (1+d)  but I am convinced  that the method used for  n = 3  would give it)

Conclusion

This analysis is long and tedious, for me and for the reader, but I think that such an analysis (or analogous) to get drastic conditions on the numbers in the corners could be very useful to explore n > 5 with computers, for  arrays filled with  integers  or  odd integers, (to show there is no positive solution ???)  or primes ( to find solutions !).

The last diagram resumes what happens when one adds the  « bold » numbers :

The blue corners are counted once ; the other numbers on the sides (in red) are counted twice, and the yellows three times.  

It sounds to me  like some « geometric mexican drawings »  I’ve seen !  
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       Thanks a lot for your pages, Carlos !
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